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We settle a conjecture of Walter Carlip (1994) [2, Conjecture 1.3].
Suppose that G is a ﬁnite solvable group, V is a ﬁnite faithful FG-
module over a ﬁeld of characteristic p and assume O p(G) = 1. Let
H be a nilpotent subgroup of G . Assume that H involves no wreath
product Zr  Zr for r = 2 or r a Mersenne prime, then H has at least
one regular orbit on V .
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1. Introduction
Suppose that G is a ﬁnite solvable group and V is a ﬁnite faithful FG-module over a ﬁnite ﬁeld
F of characteristic p. The existence of regular orbit of G on V has been studied extensively in the
literature. If p is relatively prime to |G|, deﬁnitive results have been obtained by T.R. Berger [1],
R. Gow [5], B. Hargraves [6] and others. Berger proves that if G is a nilpotent group and G involves
no wreath product Zr  Zr for all primes r, then G has a regular orbit on V . Gow proves that if G
is a nilpotent group and |G||V | is odd, then G has a regular orbit on V . Hargraves extends Berger’s
and Gow’s results as the following. Let G be a nilpotent group and assume that G involves no wreath
product Z2  Z2, assume that G involves no wreath product Zr  Zr for r a Mersenne prime when p = 2,
then G has a regular orbit on V .
When char(F) divides |G|, the picture is much less clear. In [3, p. 4] Espuelas proves the follow-
ing result. Let G be a ﬁnite solvable group and V be a ﬁnite faithful FG-module over a ﬁeld F of
characteristic p, let H be a p-subgroup of G and O p(G) = 1. If p is an odd prime or H involves no
Z2  Z2, then H has a regular orbit on V . Espuelas also asks whether his result can be extended to
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the existence of a regular H orbit as a partial answer to Espuelas’ question. In the same paper, Carlip
conjectures the following statement [2, Conjecture 1.3]. Suppose that G is a ﬁnite solvable group, V is
a faithful FG-module over a ﬁeld of characteristic p, and assume that O p(G) = 1. Let H be a nilpotent
subgroup of G . Assume that H involves no wreath product Zr  Zr for r = 2 or r a Mersenne prime,
then H has at least one regular orbit on V . In this paper, we prove a slight generalization of his
conjecture.
Theorem 1.1. Suppose that G is a ﬁnite solvable group, V is a ﬁnite faithful FG-module over a ﬁeld F of
characteristic p and assume O p(G) = 1. Let H be a nilpotent subgroup of G. Assume that H involves no
wreath product Z2  Z2 , assume that H involves no wreath product Zr  Zr for r a Mersenne prime when p = 2,
then H has at least one regular orbit on V .
Theorem 1.1 includes all of the previously mentioned results as special cases.
2. Notation and lemmas
Notation.
(1) Let G be a ﬁnite group, let S be a subset of G and let π be a set of different primes. For
each prime p, we denote SPp(S) = {〈x〉 | o(x) = p, x ∈ S} and EPp(S) = {x | o(x) = p, x ∈ S}. We
denote SP(S) =⋃p primes SPp(S), SPπ (S) =⋃p∈π SPp(S), EP(S) =⋃p primes EPp(S) and EPπ (S) =⋃
p∈π EPp(S). We denote NEP(S) = |EP(S)|, NEPp(S) = |EPp(S)| and NEPπ (S) = |EPπ (S)|.
(2) Let n be an even integer, q a power of a prime. Let V be a symplectic vector space of dimension
n over Fq . We use SCRSp(n,q) or SCRSp(V ) to denote the set of all solvable completely reducible
subgroups of Sp(V ). We use SIRSp(n,q) or SIRSp(V ) to denote the set of all solvable irreducible
subgroups of Sp(V ).
(3) We use Sub2(G)D8 free to denote the set of all 2-subgroups of G which do not involve Z2  Z2.
(4) Let I be an integer and π be a set of different primes, we use Iπ to denote the π part of the
integer I . We set Iπ = 1 if the π part of I is trivial.
(5) If V is a ﬁnite vector space of dimension n over GF(q), where q is a prime power, we denote by
Γ (qn) = Γ (V ) the semilinear group of V , i.e.,
Γ
(
qn
)= {x → axσ ∣∣ x ∈ GF(qn), a ∈ GF(qn)×, σ ∈ Gal(GF(qn)/GF(q))},
and we deﬁne
Γ0
(
qn
)= {x → ax ∣∣ x ∈ GF(qn), a ∈ GF(qn)×}.
(6) We use H  S to denote the wreath product of H with S where H is a group and S is a permuta-
tion group.
(7) Let G be a ﬁnite group and K  L are normal subgroups of G . Let H be a subgroup of G and we
denote πL/K (H) to be the image of H ∩ K on K/L.
Deﬁnition 2.1. Suppose that a ﬁnite solvable group G acts faithfully, irreducibly and quasi-primitively
on a ﬁnite vector space V . Let F(G) be the Fitting subgroup of G and F(G) =∏i P i , i = 1, . . . ,m where
Pi are normal pi-subgroups of G for different primes pi . Let Zi = Ω1(Z(Pi)). We deﬁne
Ei =
{
Ω1(Pi) if pi is odd;
[Pi,G, . . . ,G] if pi = 2 and [Pi,G, . . . ,G] 	= 1;
Zi otherwise.
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t + 1, . . . ,m. We deﬁne E =∏ti=1 Ei , Z =∏ti=1 Zi and we deﬁne Ei = Ei/Zi , E¯ = E/Z . Furthermore,
we deﬁne ei = √|Ei/Zi | for i = 1, . . . , t and e = √|E/Z |.
Theorem 2.2, Lemmas 2.3, 2.5, 2.6 and 2.7 are proved in [13] but we include the proof here for
completeness. Lemma 2.4 is very similar to [13, Lemma 2.4] but has been changed slightly for our
purpose.
Theorem 2.2. Suppose that a ﬁnite solvable group G acts faithfully, irreducibly and quasi-primitively on an
n-dimensional ﬁnite vector space V over ﬁnite ﬁeld F of characteristic r. We use the notation in Deﬁnition 2.1.
Then every normal abelian subgroup of G is cyclic and G has normal subgroups Z  U  F  A  G such
that:
(1) F = EU is a central product where Z = E ∩ U = Z(E) and CG(F ) F ;
(2) F/U ∼= E/Z is a direct sum of completely reducible G/F -modules;
(3) Ei is an extraspecial pi-group for i = 1, . . . , t and ei = pnii for some ni  1. Furthermore, (ei, e j) = 1
when i 	= j and e = e1 · · · et divides n, also gcd(r, e) = 1;
(4) A = CG(U ) and G/A  Aut(U ), A/F acts faithfully on E/Z ;
(5) A/CA(Ei/Zi) Sp(2ni, pi);
(6) U is cyclic and acts ﬁxed point freely on W where W is an irreducible submodule of VU ;
(7) |V | = |W |eb for some integer b;
(8) |G : A| | dim(W ). Assume g ∈ G \ A and o(g) = s where s is a prime, then |CV (g)| = |W | 1s eb;
(9) G/A is cyclic.
Proof. By [9, Theorem 1.9] there exists E˜ i, Ti  G and all the following hold:
(i) Pi = E˜ i T i , E˜ i ∩ Ti = Zi and Ti = CPi (E˜ i);
(ii) E˜ i is extraspecial or E˜ i = Zi ;
(iii) exp(E˜ i) = pi or pi = 2;
(iv) Ti is cyclic, or pi = 2 and Ti is dihedral, quaternion or semidihedral;
(v) If Ti is not cyclic, then there exists Ui  G with Ui cyclic, Ui  Ti , |Ti : Ui | = 2 and CTi (Ui) = Ui ;
(vi) If E˜ i > Zi , then Ei/Zi = Ei1/Zi × · · · × Eid/Zi for chief factors Eik/Zi of G and with Zi = Z(Eik)
for each k and Eik  CG(Eil) for k 	= l.
We deﬁne Ui = Ti if pi 	= 2. We deﬁne U =∏mi=1 Ui , T =∏mi=1 Ti , F = EU and A = CG(U ).
If pi 	= 2, then by (i), (ii), (iii) E˜ i = Ω1(Pi) and therefore E˜ i = Ei . If pi = 2 and assume E˜ i > Zi ,
E˜ i/Zi =∏k Eik/Zi for chief factors Eik/Zi of G by (vi) and thus Eik = [Eik,G] and E˜ i = [E˜ i,G]. By (v),[Ti,G, . . . ,G] = 1. Thus [Pi,G,G, . . . ,G] = E˜ i and therefore E˜ i = Ei .
Parts (1)–(7) mainly follow from Corollaries 1.10, 2.6 and Lemma 2.10 of [9]. Since CG(F ) =
CG(EU )  CG(E) = T and CT (U ) = U , we have CG(F )  F . Since A = CG(U ), F(G) ∩ A = CF(G)(U ) =
EU = F and thus A/F acts faithfully on E/Z .
Let K be the algebraic closure of F, then W ⊗F K = W1 ⊕W2 ⊕· · ·⊕Wm , where the Wi are Galois
conjugate, non-isomorphic irreducible U -modules. In particular, each Wi is faithful, dimK Wi = 1.
Clearly NG(Wi)  CG(U ) for each i. Furthermore, [NG(Wi),U ]  CU (Wi) since U is normal. Thus
NG(Wi) = CG(U ) = A. It follows that G/A permutes the set {W1, . . . ,Wm} in orbits of length |G : A|
and thus |G : A| | dim(W ). Since G/A permutes the Wi ﬁxed point freely, for all g ∈ G \ A of order s
where s is a prime, |CV (g)| = |W | 1s eb . This proves (8).
The fact that G/A is cyclic is essentially proved in [11, Section 20]. We give an argument here
for completeness. FU is a semisimple algebra over F and dim(FU ) = |U |. By Wedderburn’s Theorem,
there exist a ﬁnite number of idempotents e1, . . . , eα and eiFU is isomorphic to a full matrix algebra
over some division algebra D over F. Since FU is commutative, the division algebra D is actually
a ﬁeld and the dimension of the matrix is 1. It follows that eiFU is a ﬁeld for all i = 1, . . . ,α. Set
Ki = eiFU , then Ki, . . . Kα are ﬁelds and FU = K1 ⊕ · · · ⊕ Kα .
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j ∈ {1, . . . ,α} such that e j V = V and elV = 0 for any l 	= j. Thus V is a K j vector space. K j is
a ﬁnite ﬁeld extension of Fe j . Let g ∈ G , then gK j g−1 = K j because V is quasi-primitive. Deﬁne
σg : K j → K j as σg(β) = gβg−1. σg is a ﬁeld automorphism of K j and ﬁxes every element of Fe j .
Thus σg ∈ Gal(K j/Fe j). We claim that there is a natural map ϕ between G → Gal(K j/Fe j) deﬁned by
ϕ(g) = σg . Clearly ϕ is a group homomorphism and CG(U ) ⊆ ker(ϕ). Suppose that g ∈ G , g /∈ CG(U )
and let u0 ∈ U be a generator for U . Then u0 	= gu0g−1 and the action of u0 on V is different than
the action of gu0g−1 on V since the action of G on V is faithful. Thus the action of e ju0 on V
is different than the action of e j gu0g−1 on V and we know that σg(e ju0) 	= e ju0. Thus we have
ker(ϕ) = CG(U ) = A. This proves (9). 
Lemma 2.3. Suppose that a ﬁnite solvable group G acts faithfully, irreducibly and quasi-primitively on a ﬁnite
vector space V . Using the notation in Theorem 2.2, we have |G| | dim(W ) · |A/F | · e2 · (|W | − 1).
Proof. By Theorem 2.2, |G| = |G/A||A/F ||F | and |F | = |E/Z ||U |. Since |G/A| | dim(W ), |E/Z | = e2
and |U | | (|W | − 1), we have |G| | dim(W ) · |A/F | · e2 · (|W | − 1). 
Lemma 2.4. Suppose that G is a ﬁnite solvable group and V is a faithful, irreducible and quasi-primitive FG
module. We use the notation in Theorem 2.2. Suppose that G = HF where H is a nilpotent subgroup of G and
let h ∈ H be an element of prime order s. Suppose that e  2, we have the following:
(1) If F is an s-group then h ∈ F(G). Assume further s 3 or s = 2 and |U |2 = 2, then h ∈ F .
(2) Assume s 3 then |CV (h)| |W | 12 eb. If also |E| = st , then |CV (h)| |W | 1s eb .
(3) Assume s = 2 then |CV (h)| |W | 23 eb. If also |E| = 2t , then |CV (h)| |W | 12 eb .
(4) Assume h ∈ G \ A, then |CV (h)| = |W | 1s eb .
Proof. If F is an s-group, then F Hs is a normal Sylow s-subgroup of G . Thus h ∈ F Hs  F(G). Since
|F(G) : F | 2, h ∈ F if s 3. If s = 2 and |U |2 = 2, then F = F(G). This shows (1).
(4) follows from Theorem 2.2(8).
Suppose that h ∈ F(G), then |CV (h)|  |W | 12 eb by the proof of [9, Proposition 4.10]. If s = 2 then
|CV (h)|  |W | 23 eb since e  2. If s  3 then O s(F(G)) = Es  Ts where Es is extraspecial and Ts
is cyclic. Since Es = {x ∈ O s(F(G)) | xs = 1}, h ∈ Es . We consider the restriction V Es . It is a direct
sum of faithful irreducible Es-modules, since Z(Es) acts ﬁxed point freely on V . As dimensions of
centralizers do not change by extending the ground ﬁeld and they add up in direct sums, we can
assume that V is an irreducible, faithful Es-module on an algebraically closed ﬁeld K. If χ is the
(Brauer) character corresponding to V , then, as char(K) 	= s, dimK(CV (h)) = 1s dimK(V ) since χ(x) = 0
for every x ∈ Es \ Z(Es). Thus we know |CV (h)| |W | 1s eb when h ∈ F(G).
Suppose that h /∈ F(G). Suppose that h ∈ CH (O s′ (F(G))) and let Hs be the Sylow s-subgroup of H .
Then h ∈ CHs (O s′ (F(G))). Since O s(F(G))  G and G = HF(G), CHs (O s′ (F(G)))O s(F(G))  G . Thus h ∈
F(G), a contradiction. Thus we know that [h, Oq(F(G))] 	= 1 for some prime q 	= s. Oq(F(G)) = Eq  Tq
where Eq is extraspecial or Eq ⊆ Tq . Tq = Uq is cyclic when q 3 and |Tq : Uq| 2, Uq is cyclic, Uq G
when q = 2. If |E| = st , then Eq ⊆ Tq and we know that h does not centralize Ω1(Uq). If h does not
centralize Ω1(Uq) then h ∈ G \ A and |CV (h)| |W | 1s eb by (4). We may assume h centralizes Ω1(Uq)
and thus h centralizes Uq . Thus h centralizes Tq and we know [h, Eq] 	= 1. Thus we know that there
exists an h-invariant q-subgroup Q ⊆ F(G) such that Q is extraspecial, [Q ,h] = Q , [Z(Q ),h] = 1,
Z(Q )  G and the action of h on Q /Z(Q ) is ﬁxed-point free.
Denote |Q | = q2m+1. Let K be a splitting ﬁeld for 〈h〉Q which is a ﬁnite extension of F and
set VK = V ⊗F K. Since dimK(CVK (h)) = dimF(CV (h)), we may consider VK instead of V . Let 0 =
V0 ⊂ V1 ⊂ · · · ⊂ Vl = VK be a 〈h〉Q -composition series for VK with quotient V j = V j/V j−1 for j =
1, . . . , l. Thus each V j is an absolute irreducible 〈h〉Q module. Since VK is obtained by tensoring a
quasi-primitive module up to a splitting ﬁeld, VK|Z(Q ) is a direct sum of Galois conjugate irreducible
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these are the only irreducibles that can occur in V j |Z(Q ) and thus Z(Q ) acts faithfully on V j . Since all
nontrivial normal subgroups of 〈h〉Q contain Z(Q ), 〈h〉Q is faithful on V j . Since h centralize Z(Q ), V j
is also an irreducible Q module. By Schult’s Theorem [7, Theorem V.17.13] or Hall–Higman Theorem
[8, Theorem IX.2.6], |CV j (h)| |V j|α where
α =
{
1
s (
qm+s−1
qm ) if s | qm − 1;
1
s (
qm+1
qm ) if s | qm + 1.
Assume s | qm − 1 and let qm − 1 = st where t  1 is an integer, then α = t+1st+1 . Thus α  12 when
s 3 and α  23 when s = 2.
Assume s | qm + 1 and let qm + 1 = st where t  1 is an integer, then α = tst−1 . Thus α  12 when
s 3. When s = 2, t  2 since q is an odd prime and we have α  2/3.
Since |CV (h)|∏ j |CV j (h)|, (2) and (3) hold. 
Lemma 2.5. Let V be a symplectic vector space of dimension n with base ﬁeld F and G ∈ SIRSp(n,F). Assume
that the action is not quasi-primitive and N  G is maximal such that VN is not homogeneous. Let VN = V1 ⊕
· · · ⊕ Vt where V i ’s are the homogeneous N-modules and clearly t  2. Then either all V i are non-singular or
all are totally isotropic. In the ﬁrst case, dim(Vi) is even, G  H  S as linear groups where H ∈ SIRSp(V1). In
the second case t = 2, V2 is isomorphic to V ∗1 as an N-module, and we say that VN is a pair.
Proof. By [9, Proposition 0.2], S = G/N faithfully and primitively permutes the homogeneous com-
ponents of VN . Set I = NG(V1), by Clifford’s Theorem, V1 is an irreducible I-module. Since the form
( , ) is G-invariant, the subspace {v ∈ V1 | (v, v ′) = 0 for all v ′ ∈ V1} is an I-submodule of V1 and the
form ( , ) is either totally isotropic or non-singular on V1. Since G transitively permutes the Vi , the
G-invariant form ( , ) is simultaneously totally isotropic or non-singular on all the V i . If the form is
non-singular on each V j , then let H = NG(V1)/CG(V1) and we know H ∈ SIRSp(V1), G  H  S as
linear groups. Hence, we assume that each Vi is totally isotropic.
Let j ∈ {1, . . . , t}. Then, set V⊥j = {v ∈ V | (v, v j) = 0 for all v j ∈ V j}. For v ∈ V , we consider the
map f v ∈ V ∗j := HomF(V j,F), deﬁned by f v(v j) = (v, v j), v j ∈ V j . Then v → f v , v ∈ V , induces
an N-isomorphism between V /V⊥j and the dual space V
∗
j . Since VN is completely reducible, there
exists an N-module U j such that VN = V⊥j ⊕U j . Thus U j ∼= V ∗j is homogeneous and U j = Vπ( j) for a
permutation π ∈ St . Then π is an involution in St and the permutation action of S commutes with π .
Hence, S acts on the orbits of π . Since π is not the identity, and the action of S is primitive, it follows
that π has a single orbit and t = 2. 
Lemma 2.6. Let V be a symplectic vector space of dimension 2n with base ﬁeld F and G ∈ SIRSp(2n,F),
|F| = p where p is a prime. Assume G acts irreducibly and quasi-primitively on V and we use the notation in
Theorem 2.2. Suppose e = 1, then we have the following:
1. G  Γ (p2n). G/U is cyclic and |G/U | | 2n.
2. U  Γ0(p2n) and |U | | pn + 1.
Proof. By [12, Proposition 3.1(1)], G may be identiﬁed with a subgroup of the semidirect product of
GF(p2n)× by Gal(GF(p2n) : GF(p)) acting in a natural manner on GF(p2n)+ . Also G ∩ GF(p2n)× = U
and |G ∩ GF(p2n)×| | pn + 1. Clearly G/U is cyclic of order dividing 2n. Now (1) and (2) hold. 
Lemma 2.7. Let V be a symplectic vector space of dimension 2 with ﬁeld F, |F| = p where p is a prime. Let
G ∈ SCRSp(2,F). Then |G| divides 2(p + 1) or |G| divides (p − 1) · gcd(24, p(p + 1)).
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(1) As in Lemma 2.5, t = 2, dim(V1) = 1 and the form is totally isotropic on V1. Thus |G| | (p − 1) · 2.
(2) The action of G on V is quasi-primitive and e = 1. Thus |G| | 2(p + 1) by Lemma 2.6.
(3) The action of G on V is quasi-primitive and e = 2. G  K where H = Q 8 Zp−1K and K/H ∼= S3.
Thus |K | | 24 · (p − 1) and since |SL(2, p)| = (p − 1)p(p + 1), |G| | (p − 1) · gcd(24, p(p + 1)).
Assume G is reducible, then G  Zp−1 × Zp−1 and |G| | (p − 1) since G ∈ Sp(2,F).
Hence the result holds in all cases. 
Lemma 2.8. Let V be a ﬁnite, faithful irreducible G-module and G is solvable. Suppose that V is a vector space
of dimension 4 over the ﬁeld F2 , then |G|2  8 and |G|2′  15.
Proof. G satisﬁes one of the following:
(1) G  S3  S2 and then |G|2  23, |G|2′  9.
(2) G is quasi-primitive, e = 1 and G  Γ (24), |G|2  22, |G|2′  15.
Hence the result holds in all cases. 
Lemma 2.9. Let n be an even integer and V be a symplectic vector space of dimension n of ﬁeld F. Let G ∈
SCRSp(n,F).
(1) Let (n,F) = (2,F2), then G  S3 . Let H be a nilpotent subgroup of G and 3 | |H|, then H ∼= Z3 and H
acts ﬁxed point freely on V # .
(2) Let (n,F) = (4,F2), then |G|2  8, |G|2′  9 and |G| is not divisible by any primes greater than 5. Also
for all S ∈ Sub2(G)D8 free, |S|  4. Let H be a nilpotent subgroup of G and 5 | |H|, then H ∼= Z5 and
CV (H) = 1. Let H be a nilpotent subgroup of G and 3 | |H|, then |CV (H)|  22 . Let H be a nilpotent
subgroup of G and |H| = 9, then CV (H) = 1.
(3) Let (n,F) = (6,F2), then |G|2  16 and |G|2′  81.
(4) Let (n,F) = (8,F2), then |G|2  128 and |G|2′  243.
(5) Let (n,F) = (2,F3), then G  SL(2,3).
(6) Let (n,F) = (4,F3), then |G| 242 · 2, |G|2′  9. Also for all S ∈ Sub2(G)D8 free, |S| 64 and NEP(S)
32.
(7) Let (n,F) = (2,F5), then |G| 24, |G|2  8 and |G|2′  3.
(8) Let (n,F) = (2,F7), then |G| 48, |G|2  16 and |G|2′  3.
Proof. If V is not irreducible, we may choose an irreducible submodule W of V of smallest possible
dimension and set dim(W ) =m. Since the form ( , ) is G-invariant, the subspace {v ∈ W | (v, v ′) = 0
for all v ′ ∈ W } is a submodule of W and the form ( , ) is either totally isotropic or non-singular on W .
If the form ( , ) is totally isotropic on W , then set W⊥ = {v ∈ V | (v,w) = 0 for all w ∈ W }. For v ∈ V ,
we consider the map f v ∈ W ∗ := HomF(W ,F), deﬁned by f v(w) = (v,w), w ∈ W . Then v → f v ,
v ∈ V , induces a G-isomorphism between V /W⊥ and the dual space W ∗ . Since V is completely
reducible, we may ﬁnd an irreducible G-submodule U ∼= W ∗ such that the form is non-singular on
X = W ⊕ U . If the form ( , ) is totally isotropic on W and n > 2m, then V = X ⊕ X⊥ where X⊥ is not
trivial. If the form ( , ) is non-singular on W , then V = W ⊕ W⊥ where W⊥ is not trivial. In both
cases we may view G  SCRSp(V1) × SCRSp(V2) as linear groups where dim(V1), dim(V2) < n. If the
form ( , ) is totally isotropic on W and n = 2m, then V = W ⊕ U and the action of G on V is a pair.
We use this classiﬁcation repeatedly in the following arguments.
We prove these different cases one by one.
(1) Let (n,F) = (2,F2) and the result is clear.
(2) Let (n,F) = (4,F2). Assume G is irreducible, then G satisﬁes one of the following:
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all S ∈ Sub2(G)D8 free . Let H be a nilpotent subgroup of G with 3 | |H|, then |CV (H)|  4. If
9 | |H|, then |H| = 9 and |CV (H)| = 1.
(b) G is quasi-primitive and e = 1. |G| | 20 by Lemma 2.6 and |G|2  4 and |G|2′  5. Let H be a
nilpotent subgroup of G with 5 | |H|, then H ∼= Z5 and CV (H) = 1.
Assume G is reducible, then G  S3 × S3  S3  S2.
Hence the result holds in all cases.
(3) Let (n,F) = (6,F2). Assume G is irreducible, then G satisﬁes one of the following:
(a) t = 2 and dim(V1) = 3, the action of N on V must be a pair by Lemma 2.5. Thus |G|2  2
and |G|2′  21.
(b) G  S3  S3 and |G|2  16 and |G|2′  81.
(c) G is quasi-primitive and e = 1. |G| | 54 by Lemma 2.6 and |G|2  2 and |G|2′  27.
(d) G is quasi-primitive with e = 3, then A/F  SL(2,3) and |A/F | | 24, |W |  22, dim(W )  2
and |G| | 2 · 24 · 33 by Lemma 2.3. Thus |G|2  16 and |G|2′  81.
Assume G is reducible, then G satisﬁes one of the following:
(a) G  GL(3,2) × GL(3,2) and it is a pair, thus |G|2  1, |G|2′  21.
(b) G ∈ SCRSp(2,2) × SCRSp(4,2) and |G|2  16, |G|2′  27 by (1) and (2).
Hence the result holds in all cases.
(4) Let (n,F) = (8,F2). Assume G is irreducible. Assume now that the action of G on V is not quasi-
primitive, then G satisﬁes one of the following:
(a) G  H  S2 where H is an irreducible subgroup of GL(4,2), |G|2  27 and |G|2′  152 by
Lemma 2.8.
(b) G  S3  S4 and |G|2  27, |G|2′  35.
Assume now that the action of G on V is quasi-primitive. Since 2  e | 8, e = 1 and by Lemma 2.6,
|G| | (24 + 1) · 8 = 17 · 8.
Assume G is reducible, then G satisﬁes one of the following:
(a) G  GL(4,2) × GL(4,2) and it is a pair, thus |G|2  8, |G|2′  15 by Lemma 2.8.
(b) G ∈ SCRSp(4,2) × SCRSp(4,2) and thus |G|2  26, |G|2  34 by (2).
(c) G ∈ SCRSp(2,2) × SCRSp(6,2) and thus |G|2  25, |G|2′  35 by (1) and (3).
Hence the result holds in all cases.
(5) Let (n,F) = (2,F3) and the result is clear.
(6) Let (n,F) = (4,F3). Assume G acts irreducibly on V . Assume now that action of G on V is not
quasi-primitive, then by Lemma 2.5 G satisﬁes one of the following:
(a) t = 2 and the form is totally isotropic on V1, the action of N on V is a pair and thus |G| | 96.
(b) t = 2 and the form is non-singular on V1, G  SL(2,3)  S2 and |G| | 242 · 2. Let T ∈
Syl2(SL(2,3)  S2), then T ∼= Q 8  S2 and NEP(T ) = 8 + 3 = 11. Since D8  T , we know that
|S| 64 and NEP(S) 11 for all S ∈ Sub2(G)D8 free .
Assume now that the action of G on V is quasi-primitive. It is well known that a maximal
subgroup of Sp(4,3) is isomorphic to one of the ﬁve groups M1, M2, M3, M4 and M5, where
M1 ∼= SL(2,3)  S2 and |M2| = |M3| = 24 · 34, |O 3(M2)| = |O 3(M3)| = 33, M4 = 2.S6, M5 = (D8 
Q 8).A5. We can hence assume G is maximal among the solvable subgroups of M2, M3, M4 or M5.
Assume G is a subgroup of M2 or M3, then clearly |G| | 48. Assume G is a subgroup of M4, it is
not hard to show that |G| | 96 or |G| | 40. Assume G is a subgroup of M5, then G ∼= (D8  Q 8).L
where L is S3, A4 or F10 and thus we know |G|  384. It is checked by GAP [4] that for all G
quasi-primitive and |G| 384, |S| 64 and NEP(S) 32 for all S ∈ Sub2(G)D8 free .
Assume G is reducible, then G satisﬁes one of the following:
(a) G  GL(2,3) × GL(2,3) and it is a pair, thus |G| | 48.
(b) G  SL(2,3) × SL(2,3) SL(2,3)  S2.
Hence the result holds in all cases.
(7) Let (n,F) = (2,F5) and the result follows from Lemma 2.7.
(8) Let (n,F) = (2,F7) and the result follows from Lemma 2.7. 
Lemma 2.10. Let p be an odd prime and let |W | = pm where m > 1, then (|W | − 1)2  2(|W |1/2 + 1).
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have (|W |−1)2 | (p−1) |W |1/3. Assume m = 2t is even, then |W |−1 = (pt +1)(pt −1) and since 4
cannot divide pt +1 and pt −1 at the same time, we have (|W |−1)2  2(pt +1) 2(|W |1/2 +1). 
Lemma 2.11. Suppose that G is a nilpotent group and let A  G be a normal subgroup of G. Suppose that W is
an FA-module and V = indGA(W ). Let K = CA(W ) and C =
⋂
x∈G K x = CG(V ). Then we have the following.
(1) If A/K has a regular orbit on W , then either G/C has a regular orbit on V or G involves a wreath product
Zr  Zr for some prime r such that r | |G/A| and r | |A/K |.
(2) If |G/A| is odd and A/K has at least two regular orbits on W # , then G/C has at least two regular orbits
on V # .
(3) If A/K has a regular orbit on W # and |A/K | is divisible by two different primes, then G/C has at least
one regular orbit on V # .
Proof. (1) follows from [2, Theorem 2.10]. (2) and (3) follow from [6, Corollary 4.5] and [6, Corol-
lary 4.7] respectively. 
Theorem 2.12. Suppose that G is a ﬁnite nilpotent group. Let V be a faithful FG-module over a ﬁeld F of
characteristic p and (|G|, p) = 1. Assume that G involves no wreath product Z2  Z2 , assume that G involves
no wreath product Zr  Zr for r a Mersenne prime when p = 2, then G has at least one regular orbit on V .
Moreover, if p = 2 and G is an s-group where s is not a Mersenne prime, then G has at least two regular orbits
on V .
Proof. This follows from the proof of [6, Theorem 8.2]. 
Lemma 2.13. Suppose that G is a nilpotent group and let A  G be a normal subgroup of G where |G/A| = s is
a prime. Suppose that W is an FA-module and V = indGA(W ). Let K = CA(W ) and C =
⋂
x∈G K x = CG(V ).
Assume that G involves no wreath product Z2  Z2 , assume also G involves no wreath product Zr  Zr for r a
Mersenne prime when char(F) = 2. Suppose that A/K has a regular orbit on W , then G/C has a regular orbit
on V .
Proof. By Lemma 2.11(1), (3), we may assume |A/K | is an s-group. If s = 2, since G involves no
wreath product Z2  Z2, then G/C has a regular orbit on V by Lemma 2.11(1). Thus we may assume s
is odd. If char(F) is odd and assume w ∈ W generates a regular orbit of A/K , then since |A/K | is odd
we know that −w will generate a different regular orbit of A/K . Thus A/K has two regular orbits on
W and G/C has two regular orbits on V by Lemma 2.11(2). Thus we may assume char(F) = 2. If s is
a Mersenne prime, since G involves no wreath product Zs  Zs , then G/C has a regular orbit on V by
Lemma 2.11(1). If s is not a Mersenne prime, then A/K has two regular orbits on W by Theorem 2.12
and G/C has two regular orbits on V by Lemma 2.11(2). 
3. Main theorem
We re-state Theorem 1.1.
Theorem 3.1. Suppose that G is a ﬁnite solvable group, V is a ﬁnite faithful FG-module over a ﬁeld F of
characteristic p and assume O p(G) = 1. Let H be a nilpotent subgroup of G. Assume that H involves no
wreath product Z2  Z2 , assume that H involves no wreath product Zr  Zr for r a Mersenne prime when p = 2,
then H has at least one regular orbit on V .
Proof. We consider minimal counterexample on |G| + dim V . Part of the reduction steps are proved
in [2] and we include them here for completeness. If (|H|, p) = 1 then we know the existence of one
regular orbit by Theorem 2.12. Thus we may assume that (|H|, p) 	= 1.
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Since O p(G) = 1, F(G) is a p′-subgroup of G . Since [O p(HF(G)),F(G)] ⊆ O p(HF(G)) ∩ F(G) = 1,
O p(HF(G)) ⊆ CG(F(G)) ⊆ F(G) and O p(HF(G)) = 1.
Step 2. G is irreducible. First, we show that for each h ∈ H# there exists an irreducible G-submodule
V (h) of V that satisﬁes two conditions:
(a) if h ∈ H ∩ F(G), then 〈h〉 acts nontrivially on V (h); and
(b) if h /∈ F(G), then [h,F(G)] acts nontrivially on V (h).
Take h ∈ H#. If h ∈ H ∩ F(G), let Q = 〈h〉 and if h /∈ F(G), let Q = [h,F(G)]. Thus in both cases
Q 	= 1. Since (|F(G)|, char(F)) = 1,
VF(G) = V1 ⊕ V2 ⊕ · · · ⊕ Vn
where Vi are the homogeneous components. Since G acts faithfully on V , we may assume that
Q acts nontrivially on V1. Now
∑
x∈H V1x is a G-submodule of V and it contains an irreducible
G-submodule, say W . Since W is F(G) invariant and every irreducible F(G)-submodule of W is
conjugate to an irreducible F(G)-submodule of V1, it follows that W contains an irreducible F(G)-
submodule where Q acts nontrivially and we may assume V (h) = W .
Now let U =∑h∈H V (h), U is a completely reducible G-submodule of V . Moreover U is completely
reducible as a module for G¯ = G/CG(U ) and clearly O p(G¯) = 1. Suppose that 1 	= h ∈ H ∩ CG(U ) then
both 〈h〉 and [h,F(G)] centralize U , against our construction of U . Thus H ∩ CG(U ) = 1. Now suppose
that G is not faithful on U and denote by H¯ the image of H in G¯ . Since |G¯| < |G| we know that H¯
has a regular orbit on U and thus H has a regular orbit on V , a contradiction. Thus we know that G
is faithful on U and, again, by minimality we can conclude U = V .
Now we may assume V = V (h1) ⊕ V (h2) ⊕ · · · ⊕ V (hs). Let K (hi) = CG(V (hi)) and V (hi) is a
faithful irreducible G/K (hi)-module. Thus, O p(G/K (hi)) = 1 and if s > 1, HK (hi)/K (hi) has a regular
orbit on V (hi) and thus H has a regular orbit on V . Therefore, s = 1, V = V (h1) and V is irreducible,
as desired.
Step 3. G is quasi-primitive.
Let N G and suppose VN = V1 ⊕ V2 ⊕· · ·⊕ Vn where the Vi are the homogeneous components of
V with respect to N . Assume that n > 1. Let Ni = NG(Vi). Then it follows from the Clifford’s Theorem
that Vi is a faithful, irreducible Ni/CNi (Vi) module. So O p(Ni/CNi (Vi)) = 1. Since dim(Vi) < dim(V ),
the minimality tells us that NH (Vi)/CH (Vi) has a regular orbit on Vi . The set Ω = {V1, . . . , Vn} is per-
muted by H . Renumbering this set if necessary, let {V1, . . . , Vt} be representatives of the H-orbits on
Ω and for each j = 1, . . . , t , let W j =∑h∈H V hj . Then each W j is an NG(W j)-module, H ⊆ NG(W j),
and V = W1 ⊕ · · ·⊕Wt . Suppose for each j ∈ {1,2, . . . , t} that W j has a regular H/CH (W j)-orbit and
let v j ∈ W j generate a regular orbit. Since H acts faithfully on V , the element (v1, v2, . . . , vt) gener-
ates a regular H-orbit, a contradiction. Thus we may assume H/CH (W1) has no regular orbit on W1.
Thus we know H  NG(V1) and let H0 = NH (V1). Since H is nilpotent, we can choose composition
series of H :
NH (V1) = H0 ⊆ H1 ⊆ · · · ⊆ Hr−1 ⊆ Hr = H
where |Hk : Hk−1| = pk for certain primes pk ∈ π(H). Deﬁne Uk =∑h∈Hk V1h . When k = 0, U0 = V1
and H0/CH0 (U0) has a regular orbit on U0. Choose a transversal {1 = x0, x1, . . . , xpk−1} to Hk in
Hk+1. Since G permutes the homogeneous components V j and NH (V1) ⊆ Hk , the subspaces Uxlk are
pairwise disjoint and thus Uk+1 ∼= (Uk ⊗ 1) ⊕ (Uk ⊗ x1) ⊕ · · · ⊕ (Uk ⊗ xpk−1) ∼= indHk+1Hk Uk . Assume
that Hk/CHk (Uk) has a regular orbit on Uk , then Hk+1/CHk+1 (Uk+1) has a regular orbit on Uk+1 by
Lemma 2.13. By induction, we have that H/CH (W1) has a regular orbit on W1, a contradiction.
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Since O p(G) = 1, it follows that F is a p′-subgroup of G . Now [O p(HF ), F ] ⊆ O p(HF ) ∩ F = 1,
O p(HF ) ⊆ CG(F ) ⊆ F and O p(HF ) = 1. Thus we know that G = HF .
Step 5. At this point, we know that G acts irreducibly and quasi-primitively on V and G = HF . By [13,
Theorem 3.1], we know when e  10 and e 	= 16, G will have at least 5 regular orbits on V . Thus we
may assume e = 1,2,3,4,5,6,7,8,9 or 16. In order to show that H has at least one regular orbit on
V it suﬃces to check that ∣∣∣∣ ⋃
P∈SP(H)
CV (P )
#
∣∣∣∣< ∣∣V #∣∣.
We will divide the set SP(H \U ) into a union of sets Ai . Since for all P ∈ SP(U ) we have |CV (P )#| = 0,
it is clear that |⋃P∈SP(H) CV (P )#| ∑i |⋃P∈Ai CV (P )#|. We will ﬁnd βi such that |CV (P )|  |W |βib
for all P ∈ Ai and we will ﬁnd ai such that |Ai| ai . Now it suﬃces to check that∑
i
ai ·
(|W |βib − 1)/(|W |eb − 1)< 1.
We call this inequality 
.
Let e = 16 and then A/F ∈ SCRSp(8,2). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1,
|CV (P )|  |W |8b by Lemma 2.4(3) and we set β1 = 8. |A1|  dim(W )2 · |πA/F (H)|2|H ∩ F |2 
dim(W )2 · 128 · 28 · (|W | − 1)2 = a1 by Lemma 2.9(4). Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for s  3}. Thus
for all P ∈ A2, |CV (P )| |W |8b by Lemma 2.4(2) and we set β2 = 8. |A2| |H|2′/2 dim(W )2′ · 243 ·
(|W | − 1)/2 = a2. It is routine to check that 
 is satisﬁed when |W | 5.
Assume |W | = 3, then |U | = 2 and F is a 2-group. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all
P ∈ A1, P ⊆ F and |CV (P )| 38b by Lemma 2.4(1), (3) and we set β1 = 8. |A1| |H ∩ F |2  29 = a1.
Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for s  3}. Thus for all P ∈ A2, |CV (P )|  38b by Lemma 2.4(2) and we
set β2 = 8. |A2| |H|2′/2 243/2 = a2 by Lemma 2.9(4). It is routine to check that 
 is satisﬁed.
Let e = 9 and then A/F ∈ SCRSp(4,3). Deﬁne A1 = {〈x〉 | x ∈ EP2(H ∩ (A \ F ))}. Thus for all
P ∈ A1, |CV (P )|  |W |6b by Lemma 2.4(3) and we set β1 = 6. |A1|  NEP2(πA/F (H)) · |H ∩ F |2 
32 · (|W | − 1)/3 = a1 by Lemma 2.9(6). Deﬁne A2 = {〈x〉 | x ∈ EP2(H ∩ (G \ A))}, then for all P ∈ A2,
|CV (P )| |W |4.5b by Lemma 2.4(4) and we set β2 = 4.5. |A2| |H|2  dim(W )2 ·64 · (|W |−1)/3 = a2
by Lemma 2.9(6). Deﬁne A3 = {〈x〉 | x ∈ EPs(H) for s  3}, then for all P ∈ A3, |CV (P )|  |W |4b by
Lemma 2.4(2) and we set β3 = 4. |A3| |H|2′/2 |πG/A(H)| · |A/F |2′ · 34 · (|W | − 1)/2 dim(W ) · 9 ·
34 · (|W | − 1)/2 = a3 by Lemma 2.9(6). It is routine to check that 
 is satisﬁed when |W | 7.
Assume |W | = 4. Now |U | = 3, |F | = 35 and F = F(G). Deﬁne A1 = {〈x〉 | x ∈ EP2(H ∩ A)}. Thus
for all P ∈ A1, |CV (P )|  46b by Lemma 2.4(3) and we set β1 = 6. |A1|  NEP2(πA/F (H))  32 = a1
by Lemma 2.9(6). Deﬁne A2 = {〈x〉 | x ∈ EP2(H ∩ (G \ A))}, then for all P ∈ A1, |CV (P )|  44.5b by
Lemma 2.4(4) and we set β2 = 4.5. |A2| |πA/F (H)|2  64 = a2 by Lemma 2.9(6). Deﬁne A3 = {〈x〉 |
x ∈ EP3(H)}, then for all P ∈ A3, P ⊆ F and |CV (P )|  43b by Lemma 2.4(1), (2) and we set β3 = 3.
|A3| |F |/2 243/2 = a3. Deﬁne A4 = {〈x〉 | x ∈ EPs(H) for s  5}, then for all P ∈ A4, |CV (P )| 44b
by Lemma 2.4(2) and we set β4 = 3. Since |H|{2,3}′  9 by Lemma 2.9(6), |A4| 9 = a4. It is routine
to check that 
 is satisﬁed.
Let e = 8 and then A/F ∈ SCRSp(6,2). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1, |CV (P )|
|W |4b by Lemma 2.4(3) and we set β1 = 4. |A1| |πG/A(H)|2|πA/F (H)|2|H ∩ F |2  dim(W )2 · 16 · 26 ·
(|W | − 1)2 = a1 by Lemma 2.9(3). Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s  3}. Thus for all
P ∈ A2, |CV (P )| |W |4b by Lemma 2.4(2) and we set β2 = 4. |A2| |H|2′/2  dim(W ) · 81 · (|W | −
1)/2/2 = a2 by Lemma 2.9(3). It is routine to check that 
 is satisﬁed when |W | 7.
Assume |W | = 5,3 and thus |U | | 4. Since dim(W ) = 1, G = A, F = F(G) and F is a 2-group. Deﬁne
A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1, P ⊆ F by Lemma 2.4(1), |CV (P )| |W |4b by Lemma 2.4(3)
and we set β1 = 4. Since 3 or 5 | |πA/F (H)|, |πF/U (H)|  24 and thus |A1|  |H ∩ F |2  24 · (|W | −
1)2 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s  3}. Thus for all P ∈ A2, |CV (P )| |W |4b by
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that 
 is satisﬁed.
Let e = 7 and then A/F ∈ SCRSp(2,7). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1,
|CV (P )| |W | 23 ·7b = |W |4b by Lemma 2.4(3) and we set β1 = 4. |πA/F (H)|2  16 by Lemma 2.9(8)
and |A1| |H|2  dim(W )2 · 16 · (|W | − 1)/7 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s 3}.
Thus for all P ∈ A2, |CV (P )| |W | 12 ·7b = |W |3b by Lemma 2.4(2) and we set β2 = 3. |πA/F (H)|2′  3
Lemma 2.9(8) and |A2| |H|2′/2 dim(W ) · 3 · 72 · (|W | − 1)/2 = a2. It is routine to check that 
 is
satisﬁed.
Let e = 6 and then A/F  SL(2,3) × S3. Since 6 | |W | − 1, p  5. Since A/F is a 2,3-group,
(|A|, p) = 1. We may assume |G/A| 5 and thus |W | 55. Deﬁne A1 = {〈x〉 | x ∈ EP2(H ∩ A)}. Thus
for all P ∈ A1, |CV (P )|  |W |4b by Lemma 2.4(3) and we set β1 = 4. Since |πA/F (H)|2  8 · 2 = 16,
|A1|  |H|2  16 · 22 · (|W | − 1)/3 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H ∩ A) for all primes s  3 or x ∈
EP(H ∩ (G \ A))}. Thus for all P ∈ A2, |CV (P )|  |W |3b by Lemma 2.4(2), (4) and we set β2 = 3.
|A2| |H| dim(W ) · 24 · 6 · 62 · (|W | − 1) = a2. It is routine to check that 
 is satisﬁed.
Let e = 5 and then A/F ∈ SCRSp(2,5). Deﬁne A1 = {〈x〉 | x ∈ EP2(A)}. Thus for all P ∈ A1, |CV (P )|
|W | 23 ·5b = |W |3b by Lemma 2.4(3) and we set β1 = 3. |πA/F (H)|2  8 by Lemma 2.9(7) and |A1|
|H|2  dim(W )2 · 8 · (|W | − 1)/5 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s  3}. Thus for
all P ∈ A2, |CV (P )|  |W | 12 ·5b = |W |2b by Lemma 2.4(2) and we set β2 = 2. |πA/F (H)|2′  3 by
Lemma 2.9(7) and |A2| |H|2′/2 dim(W ) · 3 · 52 · (|W | − 1)/2 = a2. It is routine to check that 
 is
satisﬁed.
Let e = 4 and then A/F  SCRSp(4,2).
Assume |W | = p where p is an odd prime, thus dim(W ) = 1 and |G| | |A/F | · 16 · (p − 1) by
Lemma 2.3. Since |A/F | is not divisible by any primes greater than 5 by Lemma 2.9(2), (|H|, p) = 1 if
p  7 and thus we may assume |W | = 5 or 3.
Assume |W | = pm where p is an odd prime and m > 1. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all
P ∈ A1, |CV (P )| |W |2b by Lemma 2.4(3) and we set β1 = 2. By Lemma 2.9(2), |πA/F (H)|2  4 and
|A1| dim(W )2 · 4 · 16 · (|W | − 1)2 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s  3}. Thus for
all P ∈ A2, |CV (P )|  |W |2b by Lemma 2.4(2) and we set β2 = 2. By Lemma 2.9(2), |πA/F (H)|2′  9
and thus |A2|  |H|2′/2  dim(W ) · 9 · (|W | − 1)/2/2 = a2. It is routine to check that 
 is satisﬁed
when |W | 27. Thus we may assume |W | = 9 or |W | = 25.
Let e = 4 and |W | = 5 or 25. Thus 5 | |H| and 5 | |πA/F (H)|. πA/F (H) ∼= Z5 and CA/F (F/U ) = 1 by
Lemma 2.9(2). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1, |CV (P )| |W |2b by Lemma 2.4(3)
and we set β1 = 2. |A1| dim(W )2 · |H ∩ F |2  dim(W )2 · |U |2  dim(W )2 · (|W | − 1)2 = a1. Deﬁne
A2 = {〈x〉 | x ∈ EPs(H) for all primes s 3}. Thus for all P ∈ A2, |CV (P )| |W |2b by Lemma 2.4(2) and
we set β2 = 2. |A2| |H|2′/2 |πA/F (H)|2′ · (|W | − 1)2′/2 5 · (|W | − 1)2′/2 = a2 by Lemma 2.9(2).
It is routine to check that 
 is satisﬁed.
Let e = 4 and |W | = 9. Thus we know |U | | 8 and F is a 2-group. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}.
Thus for all P ∈ A1, P ⊆ F(G) and |CV (P )|  92b by Lemma 2.4(1), (3) and we set β1 = 2. Since
3 | |πA/F (H)|, |F/U | 22 by Lemma 2.9(2) and |H ∩ F |2  32 and thus |A1| |H ∩ F(G)|2  2 · 32 =
64 = a1. Deﬁne A2 = {〈x〉 | x ∈ EPs(H) for all primes s  3}. Thus for all P ∈ A2, |CV (P )|  92b by
Lemma 2.4(2) and we set β2 = 2. |A2| (|H|2′ −1)/2 = (|πA/F (H)|2′ −1)/2 4= a2 by Lemma 2.9(2).
It is routine to check that 
 is satisﬁed.
Let e = 4 and |W | = 3. Thus |U | = 2 and F is a 2-group. Assume 3 | |πA/F (H)| and 9  |πA/F (H)|,
then |H∩ F | 8 by Lemma 2.9(2). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1, P ⊆ F , |CV (P )|
|W |2b by Lemma 2.4(1), (3) and we set β1 = 2. |A1| 8 = a1. Deﬁne A2 = {〈x〉 | x ∈ EP3(H)}. Thus for
all P ∈ A2, |CV (P )| |W |2b and we set β2 = 2. |A2| (3− 1)/2 = 1= a2. It is routine to check that 

is satisﬁed. Assume |πA/F (H)| = 9, then |H ∩ F | 2 by Lemma 2.9(2). Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}.
Thus for all P ∈ A1, P ⊆ F , |CV (P )| |W |2b by Lemma 2.4(1), (3) and we set β1 = 2. |A1|  1 = a1.
Deﬁne A2 = {〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A2, |CV (P )|  |W |2b and we set β2 = 2. |A2|  (9 −
1)/2 = 4 = a2. It is routine to check that 
 is satisﬁed.
Let e = 3 and then A/F  SL(2,3).
Deﬁne A1 = {〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A1, |CV (P )|  |W |b by Lemma 2.4(2) and we
set β1 = 1. |A1|  dim(W )3 · |A/F |3 · |H ∩ F |3/2  dim(W )3 · 3 · 9 · (|W | − 1)3/2 = a1. Deﬁne
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β2 = 2. Since πA/F (H) SL(2,3) and |H ∩ F |2  |U |2 = (|W |−1)2, |A2| NEP2(SL(2,3)) · (|W |−1)2 
(|W | − 1)/3 = a2. Deﬁne A3 = {〈x〉 | x ∈ EP2(H ∩ (G \ A))}. Thus for all P ∈ A3, |CV (P )|  |W |1.5b by
Lemma 2.4(4) and we set β3 = 1.5. Since G/A is cyclic, |A3| |SL(2,3)|2 · (|W | − 1)2 = 8 · (|W | − 1)2.
Thus we may set a3 = 8 · (|W | − 1)2 if 2 | dim(W ) and a3 = 0 if 2  dim(W ). Deﬁne A4 = {〈x〉 |
x ∈ EP{2,3}′ (H ∩ (G \ A))}. Thus for all P ∈ A4, |CV (P )| |W | 35 b by Lemma 2.4(4) and we set β4 = 35 .|A4| dim(W ) ·(|W |−1)/3/4 = a4. It is routine to check that 
 is satisﬁed when |W | 13. If |W | = 7,
then (|G|, |W |) = 1 and (|H|, |W |) = 1, a contradiction.
Thus we may assume |W | = 4. Thus |U | = 3 and F is a 3-group. |G/A| | 2 since dim(W ) | 2 and
we know that H is a 2,3-group. 2 | |H| since p = 2.
Assume |πG/A(H)| = 1 and thus 2 | |πA/F (H)|. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1,
|CV (P )|  |W |2b by Lemma 2.4(3) and we set β1 = 2. |A1|  NEP2(πA/F (H))  1 = a1. Deﬁne A2 =
{〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A2, P ⊆ F and |CV (P )|  |W |b by Lemma 2.4(1), (2) and we set
β2 = 1. |A2| (3− 1)/2 = 1 = a2 since the 2-element in πA/F (H) acts ﬁxed point freely on F/U . It is
routine to check that 
 is satisﬁed.
Assume |πG/A(H)| = 2 and 2  |πA/F (H)|. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A1,
|CV (P )|  |W |2b by Lemma 2.4(3) and we set β1 = 2. |A1|  |H|2 − 1  1 = a1. Deﬁne A2 = {〈x〉 |
x ∈ EP3(H)}. Thus for all P ∈ A2, P ⊆ F and |CV (P )| |W |b by Lemma 2.4(1), (2) and we set β2 = 1.
|A2| (9− 1)/2 = 1 = a2 since the 2-element in πG/A(H) acts ﬁxed point freely on U . It is routine to
check that 
 is satisﬁed.
Assume |πG/A(H)| = 2 and 2 | |πA/F (H)|, then H∩ F  1 since the 2-element in πA/F (H) acts ﬁxed
point freely on F/U and the 2-element in πG/A(H) acts ﬁxed point freely on U . By Lemma 2.4(1),
H has no element of order 3. Deﬁne A1 = {〈x〉 | x ∈ EP2(H ∩ A)}. Thus for all P ∈ A1, |CV (P )| 
|W |2b by Lemma 2.4(3) and we set β1 = 2. |A1|  NEP2(πA/F (H))  1 = a1. Deﬁne A2 = {〈x〉 | x ∈
EP2(H ∩ (G \ A))}. Thus for all P ∈ A2, |CV (P )| |W |1.5b by Lemma 2.4(4) and we set β2 = 1.5. Since
πA/F (H)  Q 8 and πG/A(H) ∼= Z2, H has at most 6 elements of order 2 outside of Q 8 and thus
|A2| 6 = a2. It is routine to check that 
 is satisﬁed.
Let e = 2 and then A/F  S3.
Let |W | = p where p is an odd prime, if p > 3, then (|H|, p) = 1 and we know the existence of
one regular orbit by Theorem 2.12. Thus we may assume |W | = 3.
Assume |W | = 3 and thus |U | = 2. Since 3 | |H|, H ∩ F ⊆ U and |πA/U (H)| = 3. πG/A(H) = 1 since
dim(W ) = 1. Deﬁne A1 = {〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A1, |CV (P )| |W |b and we set β1 = 1 by
Lemma 2.4(2). |A1| (|H|3 − 1)/2 (3− 1)/2 = 1 = a2. It is routine to check that 
 is satisﬁed.
Now we assume |W | = pm , p is an odd prime and m > 1. Since p | |H| | |G| and |A/U | is a 2,3-
group, we may assume p | m when p  5. Deﬁne A1 = {〈x〉 | x ∈ EP3(H ∩ A)}. Thus for all P ∈ A1,
|CV (P )|  |W |b by Lemma 2.4(2) and we set β1 = 1 and |A1|  (3 · 3 − 1)/2 = 4 = a1. Deﬁne A2 =
{〈x〉 | x ∈ EP3(H∩(G \ A))}. Thus for all P ∈ A2, |CV (P )| |W | 23 b and we set β2 = 23 . |A2| 2 ·3 ·(|W |−
1)/2/2 = a2. Deﬁne A3 = {〈x〉 | x ∈ EP2(H)}. Thus for all P ∈ A3, |CV (P )| |W |b by Lemma 2.4(3) and
we set β3 = 1. |H ∩ F |2  4 · (|W | − 1)2 and |A3| dim(W )2 · 2 · 4 · (|W | − 1)2 = a3  dim(W )2 · 2 · 4 ·
2(|W |1/2 + 1) by Lemma 2.10. Deﬁne A4 = {〈x〉 | x ∈ EPs(H), s 5}. Thus for all P ∈ A4, P \ 1 ⊆ G \ A,
|CV (P )| |W | 25 b by Lemma 2.4(4) and we set β4 = 25 . |A4| dim(W ) ·(|W |−1)/2/4 = a4. It is routine
to check that 
 is satisﬁed unless |W | = 32,33,34.
Assume |W | = 34, 32 and thus |G/U | is a 2,3-group. Since 3 | |H|, 3 | |πA/F (H)|. By Lemma 2.9(1)
πA/F (H) ∼= Z3 and H ∩ F ⊆ U . Deﬁne A1 = {〈x〉 | x ∈ EP2(H \ F )}. Thus for all P ∈ A1, |CV (P )| |W |b
by Lemma 2.4(3) and we set β1 = 1. Since G/A is cyclic and H ∩ F ⊆ U , |A1| (|W |−1)2 = a1. Deﬁne
A2 = {〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A2, |CV (P )|  |W |b and we set β2 = 1 by Lemma 2.4(2).
|A2| (|H|3 − 1)/2 = (3− 1)/2 = 1 = a2. It is routine to check that 
 is satisﬁed.
Assume |W | = 33, thus |U | | 26 and G/U is a 2,3-group. Deﬁne A1 = {〈x〉 | x ∈ EP2(H)}. Thus for
all P ∈ A1, |CV (P )| |W |b and we set β1 = 1 by Lemma 2.4(3). |A1| |H|2  |πA/F (H)|2 · |H ∩ F |2 
2 · 8 = a1. Deﬁne A2 = {〈x〉 | x ∈ EP3(H)}. Thus for all P ∈ A2, |CV (P )|  |W |b and we set β2 = 1 by
Lemma 2.4(2). |A2| (|H|3 − 1)/2 (9− 1)/2 = 4 = a2. It is routine to check that 
 is satisﬁed.
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contradiction. 
Remark. In [3], Espuelas provides an example showing that H has no regular orbit on V when Z2  Z2
is involved in H .
4. Applications
Theorem 4.1. Suppose that G is a ﬁnite solvable group and p is a prime such that O p(G) = 1. Let V be a
faithful FG-module over a ﬁeld F of characteristic p. Let H be a nilpotent subgroup of G. Assume that |H||V |
is odd, then H has at least two regular orbits on V .
Proof. When |H| is odd, clearly H involves no Z2  Z2. By applying Theorem 3.1, we know H will have
at least one regular orbit on V . Assume v generates a regular orbit of H . Since |H| is odd and |V | is
odd, we know that −v will generate a different regular orbit of H . 
Remark. This extends [5, Lemma 2.6] and [2, Theorem 1.2].
Theorem 4.2. Suppose that G is a ﬁnite solvable group and p is a prime such that O p(G) = 1. Let V be a
faithful FG-module over a ﬁeld F of characteristic p. Let P be a p-subgroup of G. Assume that P involves no
wreath product Z2  Z2 , then P has at least one regular orbit on V .
Proof. Let P to be H and then apply Theorem 3.1. 
Remark. This is the main result of [3]. The proof of our theorem does not rely on this result.
Theorem 4.3. Suppose that G is a ﬁnite solvable group and p is a prime such that O p(G) = 1. Let V be a
faithful FG-module over a ﬁeld F of characteristic p. Let A be an abelian subgroup of G, then A has at least
one regular orbit on V .
Proof. Let A to be H and then apply Theorem 3.1. 
Remark. This result is well known when one assumes (|A|, p) = 1.
Theorem 4.4. Suppose that G is a ﬁnite nilpotent group. Let V be a faithful FG-module over a ﬁeld F of
characteristic p and (|G|, p) = 1. Assume that G involves no wreath product Z2  Z2 , assume that G involves
no wreath product Zr  Zr for r a Mersenne prime when p = 2, then G has at least one regular orbit on V .
Proof. Let G to be H and then apply Theorem 3.1. 
Remark. This result follows from [6, Theorem 8.2]. The proof of Theorem 3.1 relies on this result
although it seems possible to ﬁnd an independent argument.
Theorem 4.5. Suppose that G is a ﬁnite π -solvable group with Oπ (G) = 1, let H be a nilpotent π -subgroup
of G. Let V be a faithful FG-module over a ﬁeld F of characteristic p and p ∈ π . Assume that H involves no
wreath product Z2  Z2 , assume that H involves no wreath product Zr  Zr for r a Mersenne prime when p = 2,
then H has at least one regular orbit on V .
Proof. If G is solvable, then this follows from Theorem 3.1. Now let N = Oπ ′ (G) and note that
CH (N) = 1 since CG(N)  N . By [10, Theorem 1.2], there exists a nilpotent H invariant subgroup
K of N such that CH (K ) = 1. Thus we have Oπ (K H) = 1 and since V KH is faithful, we may assume
G = K H . Then G is solvable and we are done. 
Y. Yang / Journal of Algebra 325 (2011) 56–69 69Corollary 4.6. Let G be a solvable group and H/K a chief factor of G. If A is a nilpotent subgroup of G acting
faithfully on H/K then H/K contains a regular A-orbit provided that A is Zp  Zp-free if p is either 2 or a
Mersenne prime.
Proof. H/K is an elementary abelian p-group. Let G¯ = G/Ker(G on H/K ). Clearly O p(G¯) = 1 and
Theorem 3.1 applies to G¯ acting on H/K . 
Remark. This extends [3, Corollary 1.1].
Corollary 4.7. Let G be a solvable group and let A be an odd-order nilpotent subgroup of G. Then A has a
regular orbit on each odd-order chief factor of G on which it acts faithfully.
Proof. Let H/K be an odd-order chief factor of G , then H/K is an elementary abelian p-group where
p is odd. Let G¯ = G/Ker(G on H/K ). Clearly O p(G¯) = 1 and Theorem 4.1 applies to G¯ acting on
H/K . 
Remark. This extends [3, Corollary 1.2].
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